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Abstract 

We show that any n-vertex complete graph with edges colored with three 
colors contains a set of at most four vertices such that the number of the 
neighbors of these vertices in one of the colors is at least 2n/3. The previous 
best value, proved by Erdos, Faudree, Gould, Gyarfas, Rousseau and Schelp 
in 1989, is 22. It is conjectured that three vertices suffice. 



1 Introduction 

Erdos and Hajnal [9] made the observation that for a fixed positive integer t, a 
positive real e, and a graph G on n > n vertices, there is a set of t vertices that have 
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a neighborhood of size at least (1 — (1 + e)(2/3)*)n in either G or its complement. 
They further inquired whether 2/3 may be replaced by 1/2. This was answered in 
the affirmative by Erdos, Faudree, Gyarfas and Schelp [7J, who not only proved the 
result but also dispensed with the (1 + e) factor. They also phrased the question as 
a problem of vertex domination in a multicolored graph. 

Given a color c in an r-coloring of the edges of the complete graph, a subset A 
of the vertex set c- dominates another subset B if, for every y G B\A, there exists a 
vertex x G A such that the edge xy is colored c. The subset A strongly c-dominates 
B if, in addition, for every y G B l~l A, there exists a vertex x G A such that xy is 
colored c. (Thus, the two notions coincide when A l~l B = 0.) The result of Erdos et 
a/. [7] may then be stated as follows. 

Theorem 1. For any fixed positive integer t and any 2- coloring of the edges of the 
complete graph K n on n vertices, there exist a color c and a subset X of size at most 
t such that all but at most nj2 l vertices of K n are c-dominated by X. 

In a more general form, they asked: Given positive integers r, t, and n along 
with an r-coloring of the edges of the complete graph K n on n vertices, what is the 
largest subset B of the vertices of K n necessarily monochromatically dominated by 
some t-element subset of K n ? However, in the same paper [7j, the authors presented 
a 3-coloring of the edges of K n — attributed to Kierstead — which shows that if 
r ^ 3, then it is not possible to monochromatically dominate all but a small fraction 
of the vertices with any fixed number t of vertices. This 3-coloring is defined as 
follows: the vertices of K n are partitioned into three sets Vi, V2, V3 of equal sizes and 
an edge xy with 16^ and y G Vj is colored iifl^i^j^3 and j — % ^ 1 while 
edges between V\ and V3 are colored 3. Observe that, if t is fixed, then at most 2n/3 
vertices may be monochromatically dominated. 

In the other direction, it was shown in the follow-up paper of Erdos, Faudree, 
Gould, Gyarfas, Rousseau and Schelp [8], that if t ^ 22, then, indeed, at least 2n/3 
vertices are monochromatically dominated in any 3-coloring of the edges of K n . The 
authors then ask if 22 may be replaced by a smaller number (specifically, 3). We 
prove here that t ^ 4 is sufficient. 

Theorem 2. For any 3-coloring of the edges of K n , where n ^ 2, there exist a color 
c and a subset A of at most four vertices of K n such that A strongly c-dominates at 
least 2n/3 vertices of K n . 

In Kierstead's coloring, the number of colors appearing on the edges incident 
with any given vertex is precisely 2. As we shall see later on, this property plays 
a central role in our arguments. In this regard, our proof seems to suggest that 
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Kierstead's coloring is somehow extremal, giving more credence to the conjecture 
that three vertices would suffice to monochromatically dominate a set of size 2n/3 
in any 3-coloring of the edges of K n . 

We note that there exist 3-colorings of the edges of K n such that no pair of 
vertices monochromatically dominate 2n/3 + 0(1) vertices. This can be seen by 
realizing that in a random 3-coloring, the probability that an arbitrary pair of vertices 
monochromatically dominate more than 5n/9 + o(n) vertices is o(l) by Chernoff's 
bound. 

Our proof of Theorem [2] utilizes the flag algebra theory introduced by Razborov, 
which has recently led to numerous results in extremal graph and hypergraph theory. 
In the following section, we present a brief introduction to the flag algebra framework. 
The proof of Theorem [2] is presented in Section [3j 

We end this introduction by pointing out another interesting question: what 
happens when one increases r, the number of colors? Constructions in the vein of 
that of Kierstead — for example, partitioning K n into s parts and using r = (t) 



colors — show that the size of dominated sets decreases with increasing r. While it 
may be difficult to determine the minimum value of t dominating a certain proportion 
of the vertices, it would be interesting to find out whether such constructions do, in 
fact, give the correct bounds. 

2 Flag Algebras 

Flag algebras were introduced by Razborov [23] as a tool based on the graph limit 
theory of Lovasz and Szegedy [20] and Borgs et al. [5] to approach problems per- 
taining to extremal graph theory. This tool has been successfully applied to various 
topics, such as Turan-type problems [23], super-saturation questions [21], jumps in 
hypergraphs [2], the Caccetta-Haggkvist conjecture [T7], the chromatic number of 
common graphs [H] and the number of pentagons in triangle- free graphs [T2"l [To*] . 
This list is far from being exhaustive and results keep coming [U El HI El Ell EDI E31 



Let us now introduce the terminology related to flag algebras needed in this paper. 
Since we deal with 3-colorings of the edges of complete graphs, we restrict our atten- 
tion to this particular case. Let us define a tricolored graph to be a complete graph 
whose edges are colored with 3 colors. If G is a tricolored graph, then V(G) is its 
vertex-set and \G\ is the number of vertices of G. Let be the set of non-isomorphic 
tricolored graphs with £ vertices, where two tricolored graphs are considered to be 
isomorphic if they differ by a permutation of the vertices and a permutation of the 
edge colors. (Therefore, which specific color is used for each edge is irrelevant: what 




ESI ESI ESI ED [22]. 
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Figure 1: The elements of F 3 . The edges of color 1, 2 and 3 are represented by solid, 
dashed and dotted lines, respectively. 

matters is whether or not pairs of edges are assigned the same color.) The elements 
of F 3 are shown in Figure [TJ We set F := U^nF^. Given a tricolored graph a, we 
define F^ to be the set of tricolored graphs F on I vertices with a fixed embedding 
of a, that is, an injective mapping v from Via) to V(F) such that Im(V) induces 
in F a subgraph that differs from a only by a permutation of the edge colors. The 
elements of F^ are usually called a-flags within the flag algebras framework. We set 
F CT := U teN F, CT . 

The central notions are factor algebras of F and F CT equipped with addition and 
multiplication. Let us start with the simpler case of F. If H G F and H' G ¥\h\+i, 
then p(H, H') is the probability that a randomly chosen subset of \H\ vertices of H' 
induces a subgraph isomorphic to H. For a set F, we define RF to be the set of all 
formal linear combinations of elements of F with real coefficients. Let A '■= RF and 
let T be A factorised by the subspace of RF generated by all combinations of the 
form 

H- P(H,H')H>. 

H'6F| H | +1 

Next, we define the multiplication on A based on the elements of F as follows. 
If Hi and H 2 are two elements of F and H G Fi^i+iz/ai, then p(Hi, H 2 ; H) is the 
probability that two randomly chosen disjoint subsets of vertices of H with sizes 
\Hi\ and \H 2 \ induce subgraphs isomorphic to Hi and H 2 , respectively. We set 

Hi-H 2 := J2 p(Hi,H 2 ;H)H 

HeV\ Hl \ + \H 2 \ 

The multiplication is linearly extended to RF. Standard elementary probability 
computations [231 Lemma 2.4] show that this multiplication in RF gives rise to a 
well-defined multiplication in the factor algebra A. 

The definition of A° follows the same lines. Let H and H' be two tricolored 
graphs in F CT with embeddings v and v' of a. Informally, we consider the copy of a in 
H' and we extend it into an element of Fj^i by randomly choosing additional vertices 
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in H' . We are interested in the probability that this random extension is isomorphic 
to H and the isomorphism preserves the embeddings of a. Formally, we let p(H, H') 
be the probability that u'(V(a)) together with a randomly chosen subset of \H\ — \a\ 
vertices in V(H') \ v'(V(cr)) induce a subgraph that is isomorphic to H through an 
isomorphism / that preserves the embeddings, that is, v' — f o v. The set A a is 
composed of all formal real linear combinations of elements of RF CT factorised by the 
subspace of RF CT generated by all combinations of the form 



Similarly, p(Hi, H 2 ] H) is the probability that u(V(a)) together with two randomly 
chosen disjoint subsets of \H\\ — \a\ and l-fi^l — W\ vertices in V(H) \ v>(V(a)) induce 
subgraphs isomorphic to Hi and H 2 , respectively, with the isomorphisms preserving 
the embeddings of a. The definition of the product is then analogous to that in A. 

Consider an infinite sequence (Gi)igN of tricolored graphs with an increasing 
number of vertices. Recall that if H G F, then p(H, Gi) is the probability that a 
randomly chosen subset of \H\ vertices of Gi induces a subgraph isomorphic to H. 
The sequence (Gj)ieN is convergent if p(H, Gi) has a limit for every H G F. A stan- 
dard argument (using Tychonoff's theorem [22]) yields that every infinite sequence 
of tricolored graphs has a convergent (infinite) subsequence. 

The results presented in this and the next paragraph were established by Razborov [23] . 
Fix now a convergent sequence (Gri)ieN of tricolored graphs. We set q(H) := limj^ 00 p(_ff, Gi) 
for every H G F, and we linearly extend q to A. The obtained mapping q is a homo- 
morphism from A to R. Moreover, for a G F and an embedding v of a in Gj, define 
Pi{H) := p(H, Gi). Picking v at random thus gives rise to a random distribution of 
mappings from A a to R, for each i G N. Since p(H, Gi) converges (as i tends to 
infinity) for every H G F, the sequence of these distributions must also converge. In 
fact, q itself fully determines the random distributions of q a for all a. In what follows, 
q a will be a randomly chosen mapping from A u to R based on the limit distribution. 
Any mapping q a from support of the limit distribution is a homomorphism from A a 



Let us now have a closer look at the relation between q and q a ' . The "averaging" 
operator \-\ a : A a — > A is a linear operator defined on the elements of F°" by \H\ a := 
p ■ H', where H' is the (unlabeled) tricolored graph in F corresponding to H and p is 
the probability that a random injective mapping from V(a) to V(H') is an embedding 
of a in H' yielding H . The key relation between q and q a is the following: 



H- £ P(H,H')H'. 



to R. 



VH G A a , 




(1) 
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Figure 2: The elements ax, ■ ■ ■ , cr 7 of F 4 . The edges of color 1, 2 and 3 are represented 
by solid, dashed and dotted lines, respectively. 

where the integration is over the probability space given by the limit random dis- 
tribution of q a . We immediately conclude that if q a {H) almost surely, then 
^(P^Jo-) ^ 0- 111 particular, 

VHeA°, g(pf 2 ] ff )^0. (2) 
2.1 Particular Notation Used in our Proof 

Before presenting the proof of Theorem [21 we need to introduce some notation and 
several lemmas. Recall that a a, &b and ac, the elements of F3, are given in Figured) 
For i G {A, B, C} and a triple t G {1,2,3} 3 , let F$ be the element of F4 1 in which 
the unlabeled vertex of F\ is joined by an edge of color tj to the image of the j-th 
vertex of Oj for j G {1, 2, 3}. Two elements of A° B and two of A ac will be of interest 
in our further considerations: 

w B := 165F* 3 + 165J& - 279J& - 44f& + 328F* 3 + 10f* + 421f* , 
w' B := -580F* 3 - 580F| 3 + 668F* 3 - 264F& + lOF^ + 725F 2 ^ 3 + 632F| 3 , 
w c ■= 100Fg 2 + 100F£ 2 - 100Fg 3 - 100F^ 3 + 162Fg 2 + 163^, and 
w' c := -10F& - lOifg, + lOFga + - 77J& + 89F&. 

We make use of seven elements ax, ■ ■ ■ , 07 out of the 15 elements of F 4 . They are 
depicted in Figure [2J For i G {1, . . . , 7} and a quadruple d G {1, 2, 3} 4 , let F % d be the 
element of F^ 1 such that the unlabeled vertex of F\ is joined by an edge of color dj 
to the j-th vertex of a. t for j G {1, 2, 3, 4}. If i G {1, . . . , 7} and c G {1, 2, 3}, then 
F/ c ) is the element of A ai that is the sum of all the five-vertex crj-flags F % d such that 
the unlabeled vertex is joined by an edge of color c to at least one of the vertices of 
dj, i.e., at least one of the entries of d is c. 

Finally, we define Hx, ■ ■ ■ , Hx42 to be the elements of F 5 in the way depicted in 
Appendix [A] 
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i=l i=2 i=3 i=4 i=5 i=6 i=7 



c=l -1/3 -1/3 -1/3 
c = 2 1/2 1/6 -1/3 -1/3 -1/3 
c = 3 1/2 1/2 1/2 1/2 1/2 



Table 1: The values e c (<Ti) for i G {1, . . . , 7} and c G {1, 2, 3}. 



3 Proof of Theorem 2 



In this section, we prove Theorem [2] by contradiction: in a series of lemmas, we shall 
prove some properties of a counterexample which eventually allow us to establish 
the nonexistence of counterexamples. Specifically, we first find a number of flag 
inequalities by hand and then we combine them with appropriate coefficients to 
obtain a contradiction. The coefficients are found with the help of a computer. 

Let G be a tricolored complete graph. For a vertex v of G, let A v be the set of 
colors of the edges incident with v. Consider a sequence of graphs (Gk)k&st, obtained 
from G by replacing each vertex v of G with a complete graph of order k with edges 
colored uniformly at random with colors in A v ; the colors of the edges between the 
complete graphs corresponding to the vertices v and v' of G are assigned the color 
of the edge vv '. This sequence of graphs converges asymptotically almost surely; let 
qc be the corresponding homomorphism from A to R. 

Let n ^ 2. We define a counterexample to be a tricolored graph with n vertices 
such that for every color c G {1,2,3}, each set W of at most four vertices strongly 
c-dominates less than 2n/3 vertices of G. A counterexample readily satisfies the 
following property. 

Observation 3. If G is a counterexample, then every vertex is incident with edges 
of at least two different colors. 

In the next lemma, we establish an inequality that qc satisfies if G is a counterex- 
ample. To do so, define the quantity e c {ai) for i G {1, . . . , 7} and c G {1, 2, 3} to 
be 1/2 if Uj contains a single edge with color c, —1/3 if each vertex of o~{ is incident 
with an edge colored c, 1/6 if cr^ contains at least two edges with color c and a vertex 
incident with edges of a single color different from c, and 0, otherwise. These values 
are gathered in Table [TJ Let us underline that, unlike in most of the previous ap- 
plications of flag algebras, we do need to deal with second-order terms (specifically, 
0(l/n) terms) in our flag inequalities to establish Theorem [2J 
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Lemma 4. Let G be a counterexample with n vertices. For every i G {1, ...,7} 
and c G {1,2,3} ; a homomorphism Oq from A Gl to R almost surely satisfies the 
inequality 

2 <=■ 

<7c?(^)HtT + 



n 

Proof. Fix i G {1,...,7} and c G {1,2,3}. Consider the graph Gk for sufficiently 
large k. Let (^1,^2,^3,^4) be a randomly selected quadruple of vertices of Gk 
inducing a subgraph isomorphic to a { . Further, let W be the set of vertices strongly c- 
dominated by {wi, . . . , W4}. We show that \W\ ^ ^+£ c (<7j)A;+o(A;) with probability 
tending to one as k tends to infinity. This will establish the inequality stated in the 
lemma. Indeed, it implies that for every rj > 0, there exists k v such that if k > k v , 
then q a G k {Fl c) ) < § + + V with probability at least I - rj. As qG k ( F ( c )) tends to 
Qg(F(c)) as ^ tends to infinity, we obtain the stated inequality with probability 1. 

For % G {1, 2, 3, 4}, let v,- L be the vertex of G corresponding to the clique Wi of G k 
containing u>j. Let V be the set of vertices of G that are strongly c-dominated by 
{i>i, . . . , V4}. Since G is a counterexample, |V| < 2n/3, and hence, |V| ^ 2n/3 — 1/3. 
If Wj and wy are joined by an edge of color c and, furthermore, Vj = vy, then Vj is 
added to V as well. Since is still strongly c-dominated by a quadruple of vertices 
in G (replace vy by any of its c-neighbors), it follows that \V\ ^ 2n/3 — 1/3. 

The set W can contain the \V\k vertices of the cliques corresponding to the 
vertices in V, and, potentially, it also contains some additional vertices if has 
no c-neighbors among w\, . . . , W4. In this case, the additional vertices in W are the 
c-neighbors of Wi in Wi. With high probability, there are at most k/3 + o(k) such 
vertices if Vi is incident with edges of all three colors in G, and at most k/2 + o(k) if 
Vi is incident with edges of only two colors in G. 

If £ c (<7j) = —1/3, then all the vertices wi, . . . ,W4 have a c-neighbor among 
wi, . . . ,u>4 and thus W contains only vertices of the cliques corresponding to the 
vertices V. We conclude that \W\ ^ ( 2n - 1 ) k _|_ o(k), as required. 

If £ c (o"j) = 0, then all but one of the vertices Wi, ... ,104 have a c-neighbor among 
Wi, . . . ,Wi and the vertex Wj that has none is incident in a,i with edges of the two 
colors different from c. In particular, either Wj has no c-neighbors inside Wj or Vj is 
incident with edges of three distinct colors in G. This implies that \W\ ^ ^ 2 "~ 1 ^ fc +o(fc) 
in the former case and \W\ ^ ^ + o(k) in the latter case. So, the bound holds. 

If e c (o~i) = 1/6, then all but one of the vertices among w±, . . . , W4 have a c-neighbor 
among w±, . . . , W4. Let be the exceptional vertex. Since Wj has at most k/2 + o(k) 
c-neighbors in Wy it follows that \W\ ^ ^ + | + o(/c). 

Finally, if £ c (o r i ) = 1/2, then two vertices and among wi, . . . have no 
c-neighbors in {wi, . . . , W4}. The vertices u»j and wy have at most k/2 + o(/c) c- 
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neighbors each in Wj and Wf, respectively. Moreover, since a, contains edges of all 
three colors, one of Wj and wy is incident in o~i with edges of the two colors different 
from c. Hence, this vertex has at most k/3 + o(k) c- neighbors in Wj. We conclude 
that the set W contains at most \V\k + 5k/6 + o(k) ^ ^ + | + o(k) vertices. □ 

As a consequence of (JT|) , we have the following corollary of Lemma HI 

Lemma 5. Let G be a counterexample with n vertices. For every i £ {1, . . . , 7} and 
c £ {1, 2, 3} such that e c (crj) ^ 0, it holds that 

?o( [2^/3-4^)^0. 

We now prove that in a counterexample, at most two colors are used to color the 
edges incident with any given vertex. As we shall see, this structural property of 
counterexamples directly implies their nonexistence, thereby proving Theorem [2J 

Lemma 6. No counterexample contains a vertex incident with edges of all three 
colors. 

Proof. Let G be a counterexample and W3 £ RF5 be the sum of all elements of F5 
that contain a vertex incident with at least three colors. By the definition of qa, the 
graph G has a vertex incident with edges of all three colors if and only if qaivJz) > 0. 
Lemma O implies that qdH) is non-negative for each element H of A corresponding 
to any column of Tabled (in Appendix [B]) . In addition, §2§ ensures that qa(H) is also 
non-negative for each element H of A corresponding to any of the first four columns 
of Table [3] (in Appendix [B]) . Note that these elements can be expressed as elements 
of RF5. Summing these columns with coefficients 

23457815885978657985 134730108347752975 134730108347752975 

1029505785512512 ' 4596007971038 ' 4596007971038 ' 

15852088219609163945 196791037567187109905 33245823856447882025 



514752892756256 ' 12354069426150144 ' 24708138852300288 ' 

3956624143678293415 30762195734543710715 20816545085118359705 



2059011571025024 ' 514752892756256' 6177034713075072' 

15977347300925119 8880723226482731 

32944185136400384 ' 24708138852300288 ' 

respectively, yields an element Wq of A given in the very last column of Table [3J 
Notice that for every H £ F 5 , the coefficient of H in — wq is at least the coefficient of 
H in W3. In particular, the sum w^ + Wq, which belongs to RF5, has only non-positive 
coefficients. We now view both wo and W3 as elements of A and use that qc is a 
homomorphism from A to R. First of all, qc{w3 + wq) ^ 0. So, we derive that 
Qg( w 3) ^ — Qg( w o)- As noted earlier, qa(H) ^ for each element H used to define 
Wq. Hence, since none of the above (displayed) coefficients is negative, we deduce 
that qciwo) ^ 0. Consequently, qG(w 3 ) ^ 0, which therefore implies that ^(103) = 0. 
This means that G has no vertex incident with edges of all three colors. □ 
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We are now in a position to prove Theorem [2, whose statement is recalled below. 

Theorem 2. Let n ^ 2. Every tricolored graph with n vertices contains a subset of 
at most four vertices that strongly c-dominates at least 2n/3 vertices for some color 
c. 

Proof. Suppose, on the contrary, that there exists a counterexample G. Recall that 
A v is the set of colors that appear on the edges incident to the vertex v. Now, by 
Observation [3] and Lemma El it holds that \A V \ = 2 for every vertex v of G. Hence, 
V(G) can be partitioned into three sets V\, V 2 and V3, where v £ Vi if and only if 
i A v . Without loss of generality, assume that \Vi\ ^ IV2I | V3 1 . Pick u £ V\ and 
v £ V 2 . As A u fl A w = {3} for all w £ V 2 , we observe that V 2 is 3-dominated by {u}. 
Similarly, V\ is 3-dominated by {v}. Therefore, the set {u,v} strongly 3-dominates 
V\ U V2, which has size at least 2n/3. □ 



4 Concluding remarks 

It is natural to ask what bound can be proven for domination with three vertices. 
Here, it does not seem that the trick we used in this paper helps. We can prove only 
that every tricolored graph with n vertices contains a subset of at most three vertices 
that c-dominates at least 0.66117n vertices for some color c. 

We believe the difficulty we face is caused by the following phenomenon. The 
average number of vertices dominated by a triple isomorphic to a a or erg (see Figured] 
for notation) is bounded away from 2/3 in the graphs (Gk)k<=~N, which are described 
at the beginning of Section [3J for G being the rainbow triangle. So, if any of these 
two configurations is used, a tight bound cannot be proven since the inequalities 
analogous to that in Lemma are not tight and no triple of vertices dominates more 
than 2/3 of the vertices in (Gk)keN to compensate this deficiency. 

We see that if we aimed to prove a tight result, we can only average over rainbow 
triangles (which are isomorphic to ac)- Now consider the following graph G: start 
from the disjoint union of a large clique of order 2m with all edges colored 1 and 
a rainbow triangle. For % £ {1,2}, join exactly m vertices of the clique to all three 
vertices of the rainbow triangle by edges colored %. The obtained simple complete 
graph has exactly one rainbow triangle, which dominates about half of the vertices. 
Thus, the average proportion of vertices dominated by triples isomorphic to o~c in 
the graphs {Gk)k&i is close to 1/2. This phenomenon does not occur for quadruples 
of vertices. 
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